Abstract-This paper presents an efficient analysis of a microstrip antenna in multilayered media using the method of moments (MoM). The general forms of spectral-domain Green's functions for multilayered media are converted into the spatial-domain Green's functions using the discrete complex image method (DCIM). With the spatial-domain Green's functions, the mixed potential integral equation (MPIE) is discretized in spatial domain, and the resultant system of equations is then solved using the biconjugate gradient (BCG) method. As applications, resonant frequencies of microstrip antennas in multilayered media are analysed. The numerical results show that the present method is an efficient and accurate scheme for analysing microstrip antennas in multilayered media.
INTRODUCTION
Simulating the behavior of microstrip structure in multilayered media is very important for the design of microstrip antennas and monolithic microwave integrated circuits (MMIC's). There are many approaches that can be applied to achieve this objective. Generally speaking, simulation methods can be broadly divided into two kinds. Finite element method (FEM) [1] and finite-difference time-domain (FDTD) [2] method fall into the first kind for solving differential equations. Method of moments (MoM) [3] falls into the second kind for solving integral equations. Among them, the MoM based on integral equations is robust and has several advantages over FEM or FDTD method. First, the solution from the MoM is found using the 2-D surface of perfect electric conductor (PEC), while the solution from either FEM or FDTD is solved for from the 3-D space, so the number of unknowns in FEM or FDTD is substantially lager than that in integral equation method. Under circumstances involving small objects with relatively large distances among them, the MoM is much more efficient or faster than the other two. Second, the MoM has no absorbing boundary condition (ABC) issue which can lead to unstable solutions when the ABC is used in FDTD and FEM to reduce an open-system to a finite region problem.
Both electric field integral equation (EFIE) and mixed potential integral equation (MPIE) [4] can be used for MoM. It is reported that MoM based on MPIE is more efficient for antenna problem in multilayered media, because MPIE provides a less possibly singular kernel compared with EFIE.
In order to solve MPIE in multilayered media using the spatial domain MoM, the spatial-domain Green's functions for multilayered media have to be calculated first from its spectral domain counterparts [5] , in which Sommerfeld integral (SI) will occur and no analytical solution is available. The SI can be solved either in numerical integration which is very time consuming or using other approximated methods. In this paper, the discrete complex image method (DCIM) [6] [7] [8] [9] is adopted. Generally speaking, the DCIM is to approximate the spectral kernel by a sum of complex exponentials using the Prony method or the generalized pencil-of-function (GPOF) technique. Then, the SI could be evaluated in close form via the Sommerfeld identity. With the spatial domain Green's functions, the MPIE is then discretized in spatial domain, and the resultant system of equations is solved using the biconjugate gradient (BCG) method [10] [11] [12] [13] . As an application, microstrip antennas of arbitrary shapes in multilayered media are analysed in this paper. The numerical results show that the present method is an efficient and accurate method for analysing the microstrip structure in multilayered media and can be further extended to the analysis and design of MMIC's.
FORMULATIONS
The boundary condition on a perfectly conducting surface is that the tangential electric field on the conductor equals to zero. That is,
where S is the conducting surface, E s denotes the scattered field excited by the current on S, E i stands for the incident electric field, and E r identifies the reflected field by the dielectric substrate in the absence of patch. The E i and E r can be expressed respectively as (2) where R T M and R T E are the general reflection coefficients at the interface of the patch for the TE and TM incidences, respectively. The MPIE for (1) can be written as
with
in which J(r) is the unknown current on the patch, and G A and G q are spatial domain Green's functions for the magnetic vector potential and the electric scalar potential, respectively. To solve the integral equation (3) by the MoM, the patch is first divided into small mesh rectangles, and then the current on the patch is expanded with rooftop basis functions, (3), we can get the following matrix equation
where
In the above, G a denotes the xx or yy component of G A , and Π m,n is the two-dimensional unit pulse function defined over (m, n)th rectangular cell. The current distribution on microstrip antenna can then be obtained by solving the matrix equation (6) using BCG [10] [11] [12] [13] . The resonant frequency for the microstrip antenna is the frequency at which the imaginary part of current is zero.
For the method above-mentioned, the spatial domain Green's functions G a and G q are the critical points to the realization of MPIE in the spatial domain. It is required to convert the spectral domain Green's function into the spatial domain one. Using the method described by [5] , the close form spectral-domain Green's function (field point is in the layer n) for a horizontal electric dipole (HED) which is located in layer m (as show in Fig. 1 ) could be achieved after the following procedure:
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can be expressed respectively depending on the following 3 different situations: m = n, m > n , and m < n , and the explicit expressions are suppressed here. The spatial domain Green's functions can be obtained from their spectral domain counterparts through inverse Hankel function transform as follows:
where the H
identified the Hankel function of the second kind. By using the discrete complex image method as developed in [6, 7] , the inverse transform of the quasi-static contribution is evaluated using the Sommerfeld identity. After extracting the quasi-static contribution, which can be done by assuming the frequency is equal to zero or k ρ → ∞ , the remained can be approximated by a sum of complex exponentials, and their contribution to spatial domain Green's functions can be achieved using the Sommerfeld identity again. The spatial domain Green's functions can be written as follows
a,q represents the quasi-static contributions, N c denotes the number of complex images, and the coefficients a i and b i are determined by the generalized pencil-offunction (GPOF) method. As mentioned in [8] and [14] , when source is in the bounded region of multilayered media, the modification of DCIM is necessary. In this case, the exponentials are written in terms of the propagation constant of the unbounded layer instead of that of the source layer.
RESULTS AND DISCUSSION
In this section, we present some numerical results to demonstrate the accuracy and efficiency of the method described above. The first example concerns the current distribution over a square patch antenna in a single-layered structure as in Fig. 2 at x-polarized plane wave excitation. The calculated current distribution is shown in Fig. 3 and compared with that from Bailey et al. [15] . The two sets of results agree very well. Table 1 also shows the calculated resonant frequencies for some single-layered structures and the experimental data [16] are also included for comparison. We can see that they agree quite well. Figure 4 . A microstrip antenna in a multilayered structure.
The second example demonstrates the resonant frequency shift of the dielectric-covered microstrip antennas (microstrip antenna in a multilayered structure as shown in Fig. 4 ) compared with uncovered ones. First we analysed some particular structures and compared the results with experimental data [17] , and results are listed in Table 2 . From Table 2 , we can see that the resonant frequency of the microstrip antenna with a dielectric superstrate becomes smaller than that without the dielectric superstrate and the calculated ones agree well with the experimental ones. Then we consider the effect of dielectric superstrate for different patch dimension. The results are shown in Fig.  5 , and Fig. 5 reveals that when the patch becomes larger and larger, the difference between the resonant frequencies in the presence and absence of superstrate becomes less notable. This is because the relative configuration variance brought by its dielectric superstrater is less significant when the patch grows larger.
The third example considered resonant behaviours of the rectangular patch antenna in a three layered structure excited by an x-polarized plane wave. The resonant behaviours are shown in Fig. 6 . For comparison, we also include the resonant behaviour in the absence of superstrates. From Fig. 6 , we can see that the resonant frequency for the three-layered structure is 9.05 GHz, and the resonant frequency in the absence of superstrates is 9.18 GHz. The shift is about 1.41of superstrates, respectively, and the shift is about 1.75%. As the fourth example, we consider the shift of resonant frequency as a function of thickness and dielectric constant of the superstrate used for microstrip antennas in two-and three-layered structures. For the two-layered structure, the structure parameters and results are shown in Fig. 7 and Table 3 , and the structure parameters and results for the three-layered structure can be found in Fig. 8 and Table 4 . From the Fig. 7 and 8 , we can see that if the thickness of the top superstrate becomes unlimited small, the resonant frequency will equal to that of the structure without this layer, and this is also what we can conclude from physical concept. 
CONCLUSION
In this article, the MoM is applied to characterize microstrip antennas in multilayered media by solving MPIE. Several numerical results are obtained and it is demonstrated that the present method is an efficient and accurate one for modelling microstrip structures of multilayers. This is especially useful for designing MMIC passive components in multilayered media.
